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Abstract
In [A. Tripathi, S. Vijay, A note on a theorem of Erdös & Gallai, Discrete Math. 265 (2003)
417–420] one identiﬁes the nonredundant inequalities in a characterization of graphical sequences.
We explain how this result may be obtained directly from a simple geometrical observation involving
weak majorization.
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A sequence of positive integers d1, d2, . . . , dp is called graphical if it is the degree
sequence of a graph, i.e., there is a graph whose vertices have degrees d1, d2, . . . , dp.
Sierksma and Hoogeveen [5] presents several (actually seven) equivalent conditions for an
integer sequence to be graphical. For a further discussion of this topic, see [3, Chapter 7]
or [4, Chapter 3]. One well-known characterization of graphical sequences is the following
theorem of Erdös and Gallai [1].
Theorem 1 (Erdös and Gallai [1]). A nonincreasing sequence of positive integers
d1, d2, . . . , dp is graphical if and only if
∑p
i=1 di is even and
k∑
i=1
dik(k − 1) +
p∑
i=k+1
min(k, di) (kp). (1)
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Fig. 1. Weak majorization geometrically.
A strengthening of this result was given in [6]. The indices 1 ip − 1 with di > di+1
are denoted by 1, 2, . . . , l−1, and deﬁne l = p.
Theorem 2 (Tripathi and Vijay [6]). In Theorem 1 it sufﬁces to check the inequalities (1)
for k = 1, 2, . . . , l .
Deﬁne K = max{i : di i}. Similar to [6] we observe that it sufﬁces to check the
inequalities (1) for kK . (The argument here is similar to the one in [6] except that their
maximum k might be one larger than K).
Let d∗ be the conjugate sequence of d with elements given by d∗k = |{i : dik}| (and
with trailing zeros). This is a nonincreasing sequence. Let kK . Then the kth inequality
in (1) becomes
k∑
i=1
(di + 1)
k∑
i=1
d∗i (kK). (2)
These inequalities are referred to as the Hässelbarth criterion in [5] while [3] attributes this
result to Ruch and Gutman; see these papers for the appropriate references.
Deﬁne sequences d ′ and d∗ with elements dk + 1 and d∗k for k = 1, . . . , K , respectively.
Then condition (2) says that d ′ is weakly majorized by d∗, denoted by d ′≺wd∗. We refer to
[2] for a comprehensive treatment of the notion of majorization.
Majorizationmaybe interpreted geometrically as follows. Letu be a sequencewith nonin-
creasing elements u1u2 · · · un. Consider the associated points (k, Uk)
(k = 0, . . . , n) in the plane, where Uk =∑ki=1 uk for k1 and U0 = 0. The linear in-
terpolant of these points is called the Lorenz curve associated with u. Since the elements of
u are nonincreasing this curve will be concave. If u and v are two nonincreasing sequences,
then v is weakly majorized by u if and only if the Lorenz curve of u lies above that of v,
see Fig. 1.
Due to concavity it sufﬁces to check themajorization condition (VkUk) at the endpoints
of the linear segments (i.e., the breakpoints) of the Lorenz curve associated with v. This is
our key observation.
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Wenowapply this observation to our original problemand consider theweakmajorization
d ′≺wd∗. The breakpoints of the Lorenz curve associated with d ′ are (k,∑ki=1 d ′i ) for
k = 1, 2, . . . , l. Therefore Theorem 2 is an immediate consequence of our key observation.
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